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Abstract
The aim of this note is to discuss the relation between one-
parameter continuous symmetries of the dynamics, defined on
physical grounds, and conservation laws. In the Hamiltonian for-
mulation, such symmetries of the dynamics in general leave the
Hamiltonian invariant only up to a total derivative dG(q)/dt . In
this more general case, the corresponding formulation of Noether
theorem gives that the conservation law displays a sort of ano-
maly, the constant of motion being the sum of the canonical
generator of the symmetry transformations plus the generator
G of the gauge transformation qi → qi, pi → pi − ∂G/∂qi.
1
21 Introduction
The deep relation between continuous symmetries and conservation
laws is the basic result of Noether theorem.
In most textbook presentations [1-3], the concept of continuous sym-
metry is identified with the invariance of the Lagrangian under a one-
parameter continuous group of transformations of the Lagrangian vari-
ables and their time derivatives.
In more refined treatments [4], the invariance of the Lagrangian is
required only up to a total derivative. Since the expression for the
derived conserved quantity is affected by the presence of such a total
derivative, the question arises about the meaning and implications of
a continuous one-parameter group of symmetries for a given physical
system.
From a physical point of view, one is led to consider as symmetries
of a physical system those transformations of the dynamical variables
which leave the equations of motion invariant. It is part of the common
wisdom that the invariance of the Lagrangian up to a total derivative
implies the invariance of the equations of motion, but the converse is
not emphasized in most textbooks.
Actually, one has that the invariance of the equation of motions
is equivalent to the invariance of the Lagrangian up to a total deriva-
tive (see e.g.[5]). Thus, Noether theorem for one-parameter continuous
groups of transformations leaving the Lagrangian invariant up to a to-
tal derivative completely characterizes the relation between between
symmetries of the dynamics and conservation laws.
The Hamiltonian counterpart of such an important relation is usu-
ally trivialized by considering as symmetries of a physical system those
transformations of the canonical variables which leave the Hamiltonian
invariant. This trivially implies that the generator of a one-parameter
continuous group of such transformations of the canonical variables is
a constant of motion (since it has vanishing Poisson brackets with the
Hamiltonian).
Actually, a more refined analysis is required. As discussed above,
the invariance of the equations of motion implies the invariance of the
Lagrangian up to a total derivative and therefore one has to discuss
the Hamiltonian counterpart of this relation. This is the object of the
3present note.
The result is that a one-parameter continuous group of (possibly
time dependent) transformations of the dynamical variables which leave
their time evolution invariant and therefore leave the Lagrangian invari-
ant up to a total derivative, dG(q)/dt, induces the following infinitesi-
mal transformations of the Hamiltonian
δH ≡ H(q′, p′, t)−H(q, p, t) = ε
∂F
∂t
+ ε
dG(q)
dt
, (1.1)
where F is the (possibly time dependent) generator of the corresponding
canonical transformations q, p → q′, p′.
In this more general case, the Hamiltonian formulation of Noether
theorem gives the following conservation law
dQ
dt
≡
d
dt
(F +G) = 0. (1.2)
Hence, in order to get a conserved quantity one has to add the function
G to the generator F of the canonical transformations.
Since the addition of a total derivative to the Lagrangian does not
change the dynamics of the Lagrangian variables q, q˙, it leaves invariant
all the observables F (q, q˙) and has therefore the meaning of a gauge
transformation (this point of view is shared by Ref. [4], pp.124-127,
however, with different Hamiltonian version of Noether theorem).
In terms of the canonical variables the addition of the total deriva-
tive implies the following transformation of the canonical variables
qi → qi, pi → pi −
∂G
∂qi
, (1.3)
which changes the relation between the conjugate momentum p
i
and
the time derivative q˙i of the position. Equation (1.3) states that G is the
canonical generator of such a gauge transformation. It is worthwhile
to recall that for a particle in a magnetic field x and x˙ are observable
(gauge invariant) quantities, but pi ≡ x˙i + (e/c)Ai is not.
In conclusion for one-parameter continuous groups of transforma-
tions, which leave the dynamics invariant, but leave the Lagrangian
or the Hamiltonian invariant only up to a total derivative, the con-
servation laws displays a sort of anomaly, the conserved quantity being
the sum of the generator of the corresponding canonical transformation
plus the generator G of the gauge transformation (1.3).
42 Symmetries of the dynamics and trans-
formation of the Hamiltonian
By symmetry of the dynamics we mean a transformation of the dynam-
ical variables such that their equations of motion are invariant. In the
Lagrangian formulation, the dynamical variables are the Lagrangian
coordinates qi and their time derivatives q˙i and a transformation
qi → q
′
i
(q, t), q˙i → q˙
′
i
(q, q˙, t), (2.1)
is a symmetry of the dynamics if it leaves the equations of motion
q¨i = Fi(q, q˙, t) invariant, i.e.
q¨ ′ = Fi(q
′, q˙′, t). (2.2)
Then, one has a complete characterization of the symmetries of the
dynamics in terms of invariance properties of the Lagrangian [5]:
Proposition 2.1 The invariance of the Lagrange equations under a
(possibly time dependent) transformation of the Lagrangian variables
qi → q
′
i
, q˙i → q˙
′
i
is equivalent to the invariance of the Lagrangian up to
a total derivative
L′(q′, q˙′, t) = L(q′, q˙′, t)−
dG(q)
dt
. (2.3)
Since the Lagrangian transforms covariantly under a change of the
Lagrangian coordinates, namely
L′(q′, q˙′, t) = L(q, q˙), t), (2.4)
eq. (2.3) (and therefore the symmetry of the dynamics) is equivalent to
L(q′, q˙′, t) = L(q, q˙, t) +
dG(q)
dt
. (2.5)
The next step is to characterize the transformation properties of the
Hamiltonian under a transformation of the Lagrangian variables which
leave the Lagrangian invariant up to a total derivative.
5Proposition 2.2 A transformation of the Lagrangian variables
qi → q
′
i
(q, t), q˙i → q˙
′
i
(q, q˙, t), (2.6)
such that the Lagrangian is invariant up to a total derivative, eq. (2.3),
defines a canonical transformation of the canonical variables
qi → q
′
i
, pi → p
′
i
, (2.7)
such that
H ′(q′, p′, t) = H(q′, p′, t)−
dG
dt
. (2.8)
Proof. In fact, one has (sum over repeated indices being understood)
H(q′, p′, t) = q˙′
i
p′
i
− L(q′, q˙′, t) = q˙′
i
p′
i
− L(q, q˙, t)−
dG(q)
dt
=
= q˙′
i
p′
i
− L′(q′, q˙′, t)−
dG(q)
dt
= H ′(q′, p′, t) +
dG(q)
dt
,
where we have used eq. (2.5) and eq. (2.4).
For a one-parameter continuous groups of canonical transforma-
tions, the infinitesimal variations of the canonical variables q, p are of
the form
δqi = ε{qi, F} = ε
∂F (q, p, t)
∂pi
, δpi = ε{pi, F} = −ε
∂F (q, p, t)
∂qi
,
(2.9)
where F (q, p, t) is the generator of the canonical transformation and
{ , } denotes the Poisson bracket.
Clearly, a one-parameter group of symmetries of the dynamics is
non-trivial, provided δqi 6= 0. Then , one has:
Theorem 2.3 Noether theorem. Hamiltonian form. To each
one-parameter group of (non-trivial) symmetries of the dynamics, so
that in the Hamiltonian formulation the Hamiltonian is invariant up to
a total derivative, eq. (2.8), there corresponds the following constant of
motion
Q ≡ F +G, (2.10)
F being the canonical generator of the symmetry transformations, eqs. (2.9).
6Proof. The first step is to derive the Hamiltonian analog of eq. (2.5),
i.e. one must relate H ′(q′, p′, t) to H(q, p, t).
Contrary to the Lagrangian case, for time dependent transforma-
tions H ′(q′, p′, t) 6= H(q, p, t); actually one has (see e.g. [5])
H ′(q′, p′, t) = H(q, p, t) +
∂F
∂t
, (2.11)
where F is a generating function of the canonical transformation (2.9).
Then, the expansion of F to first order in ε, in eq. (2.11) gives
H ′(q′, p′, t) = H(q, p, t) + ε
∂F
∂t
, (2.12)
and eq. (2.8) is equivalent to
δH ≡ H(q′, p′, t)−H(q, p, t) = ε
∂F
∂t
+ ε
∂G
∂t
. (2.13)
Now, on one side, one has
δH = ε
(
∂H
∂qi
∂F
∂pi
−
∂H
∂pi
∂F
∂qi
)
= ε {H, F} = −ε
(
dF
dt
−
∂F
∂t
)
,
and, on the other side, by eq. (2.13), one has
δH = ε
∂F
∂t
+ ε
dG(q)
dt
.
Hence, it follows that
−
dF
dt
=
dG(q)
dt
.
i.e. Q = F +G is a constant of motion.
The above Theorem allows to derive the constant of motion associ-
ated to a one-parameter group of symmetries of the dynamics, without
recourse to the Lagrangian formulation; one has to check only the trans-
formation properties of the Hamiltonian, leaving open its invariance up
to a total derivative, eq. (2.8).
The conclusion is that canonical generator F of a symmetry of the
dynamics need not be a constant of motion. The point is that the
invariance of the dynamics requires the invariance of the Hamiltonian
7only up to a total derivative dG/dt, with G the generator of a gauge
transformation, and ,in general, only the sum F + G is a constant of
motion (anomaly).
On the other hand, the standard treatment of the Hamiltonian ver-
sion of Noether theorem, identifies the symmetries as those which leave
the Hamiltonian invariant, implicitly giving a backbone role to the re-
lation between the canonical momentum pi and the ”velocity” q˙i. Since
such a relation is not invariant under gauge transformations, it should
not be allow to affect the characterization of the symmetries of the
system, which rather have a physical (observable) content.
In fact, the aim of the above Theorem is to relate the physical
property of invariance of the dynamics to the existence of a physical
constant of motion.
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